In this letter, we investigate the geometrically tailorable elasticity in the twisting behavior of biomimetic scale-covered slender soft substrate. Motivated by our qualitative experiments showing a significant torsional rigidity increase, we develop an analytical model and carry out extensive finite element (FE) simulations to validate our model. We discover a regime differentiated and reversible mechanical response straddling linear, nonlinear, and rigid behavior. The response is highly tailorable through the geometric arrangement and orientation of the scales. The work outlines analytical relationships between geometry, deformation modes and kinematics, which can be used for designing biomimetic scale-covered metamaterials. * ranajay.ghosh@ucf.edu;
Scales have been a recurring dermal feature in the evolutionary history of complex vertebrae [1] [2] [3] [4] [5] [6] [7] . One of the reasons for their success is their tremendous multifunctional benefits, including hydrodynamic, chemical, and optical advantages [8] [9] [10] [11] . From a mechanical standpoint, scales traditionally provide protection against foreign objects and organism attacks [12, 13] . This evolutionary requirement has made them structurally hybrid [14] [15] [16] , hierarchical [17] [18] [19] , and composite in nature [20] [21] [22] capable of engaging multiple length scales [23] [24] [25] [26] [27] [28] [29] [30] . This feature has been an inspiration for recent work on using these principles for armor designs [6, 12, 26, 31] . However, in addition to localized loads common in protective applications, another structural feature is of immense importance. That is the role of scale engagements in modifying the global deformation behavior of the underlying structure. This feature deepens the role of scales in aiding both locomotion [32] and swimming [33, 34] . The mechanics underscoring this behavior have been an area of intense scrutiny since the last few years. One-dimensional substrates with stiff scales revealed strain stiffening due to sliding, scale deformation as well as friction in the bending mode of deformation [35] . Later simplification of the structure revealed the distinct nonlinear regimes of elasticity even without scale deformation or friction [36] . Nonlinearity due to frictional effects were further isolated and their effect on locking and dissipation quantified [37] . Further studies revealed the limits of theoretical assumptions underpinning the models and their effect on predicted relationships [38, 39] . Extending the dimensionality of the problem, two-dimensional substrates were also investigated [40] [41] [42] [43] . These showed several similarities with their one-dimensional counterparts in bending. However, the mechanics of twisting, a critical and fundamental mode of global deformation has not yet been discussed in detail. Twisting mode of deformation is perceptible for some robotic applications [44] [45] [46] [47] [48] [49] [50] and can also arise due to boundary defects and bending-twisting coupling in structures [51, 52] . Furthermore, this mode is an important first step towards more complex combined deformation modes and two-dimensional metamaterials of this type. In this letter, we study the response of stiff scale-covered slender biomimetic substrates under torsional loads and outline the gamut of geometrical tailorable of twisting elasticity.
Twisting deformation of a uniform prismatic beam covered with scales and a plain sample is shown in Fig. 1a . We also carry on qualitative and motivational experiments on some real samples. For these samples, the scales were 3D printed and made of Poly Lactic Acid (PLA) thermoplastic. The substrate was made from a silicone elastomer known as Vinylpolysiloxane (VPS) by casting into a 3D printed mold. The mold was designed to leave grooves for scale insertions at the next stage. Then the scales were then embedded and adhered to these prefabricated grooves, a silicone glue (Permatex Corporate). Young's modulus of PLA and VPS tested under tensile test by MTS Insight R (Electromechanical 50 kN Standard Length) were found to be 2.86 GP a and 1.5 M P a, respectively. We subjected the fabricated samples to twisting experiments in clockwise direction, contrasting their response using an MTS Bionix EM R (Electromechanical Torsion 45 N m) with similar loading and boundary conditions. Note that the engagement happens only in the clockwise twist direction of the substrate. The twist rate was 0.085 RP M and the experiments have been done up to 2.4 rad.
The significant gains in torsional stiffness in the scale-covered samples were apparent when compared to a plain counterpart with same materials and geometry as shown in Fig. 1b (cos ϕ − 1) β sin 2α sin θ + ηcos 2 α sin 2θ + 2λ cos 2α cos θ + 2 sin α sin ϕ (η + λ sin θ) + 2 cos α sin ϕ cos θ (β − sin α) − 2 cos α cos ϕ sin θ = 0. (1) Where η = l/d, β = b/d, and λ = t/d are the overlap ratio, dimensionless scale width, and dimensionless substrate thickness, respectively. In the small twisting regime (θ 1, ϕ 1), the implicit constraint equation simplifies to the explicit θ = ϕ(η tan α + β − sin α).
Furthermore for α, β 1 (thin substrate with grazing scales), we get θ ∼ ϕ(ηα + β − α).
For higher η range, i.e. η 1, then for fixed α and β the first term will dominate and we will get θ ∼ ηϕ. This is similar to the scaling law obtained from bending deformation [36] and underscores the universal importance of scale overlap in amplifying global to local deformation. However, unlike bending, we also find an additional amplification factor θ ∼ βϕ underscoring the more general nature of this system.
The governing nonlinear Eq. 1 establishes a phase map spanned by (θ − θ 0 )/π and ϕ/π, which is shown in Fig. 3a This is the third regime of deformation, called "locking". At this point, the system begins to behave almost as a rigid body, completing the regime traversal. We find this rigidity envelope mathematically by satisfying ∂ϕ/∂θ = 0, which forms the defining envelope of operation. Locking signals a sharp rise in contact forces, which violates the scale rigidity condition near the envelope due to local scale deformation. Around that phase boundary, the stiffness of the whole system transitions towards the stiffness of the scales, which are significantly stiffer than the substrate. This is consistent with previously published work on this topic [36, 42] .
Also, if η is sufficiently small, no engagement is possible and this is the geometrical limit of engagement. This computes to η c =
The agreement of the analytical relationship with FE simulations in Fig. 3a shows minimal effect of substrate warping on the kinematics.
We explore this geometric tailorability of elasticity in greater detail using another phase map, parametrized by α, Fig. 3b with η = 3, θ 0 = 10
• , β = 1.25, and λ = 0.45. This phase map shows that increasing α not only leads to a quicker engagement but also steeper nonlinearity. This also shows that there exists a critical α c , below which no locking would be possible for a given set of geometrical parameters. Also note that, although increasing η always leads to decreasing locking twist angle, this trend does not hold for α. These effects are summarized using two other phase diagrams, both spanned by η and β in Fig. 4a and Fig. 4b . Fig. 4a indicates that locking angles decrease for higher η. Further, higher η depresses the sensitivity of locking angle to β. However, the locking angle sharply increases with β for low enough η. Therefore, only in the lower overlap ratios, β becomes an important tuning parameter of the locking behavior. Interestingly, this phase plot shows that although higher η always decreases the envelope of operation, the influence of β is strongly dependent on η. In Fig. 4b , which tracks the critical angle α c below which locking would not take place, similar tuning behavior of β is apparent. However, in this case, as β increases the locking possibility improves. Note that, in these phase plots η c < 1. These kinematic nonlinearities ensure that mechanical response would also be nonlinear even when the materials themselves are in the linear elastic regime. We consider the twisting of the biomimetic scale-covered substrate as a combination of plain beam twisting and scales rotation. The scale rotation in 3D space can be defined by change in angles θ, α, and γ, introduced earlier, Fig. 2b . As the scales engage and begin rotating, the elastic substrate resists scales rotation. The substrate resistance is modeled as linear torsional springs corresponding to the change in each of the angles θ, α, and γ. Thus the energy absorbed due to the 3D rotation of each scale can be described as 
where n is a dimensionless constant, and f (θ 0 ) and C B (α) are dimensionless angular functions. We carried out FE simulations on a single scale embedded in a semi-infinite media and varied the relevant geometric variables of Eq. 2 to ascertain the fit of this empirical relationship. We find an excellent fit in the region of 12 < L/t s < 80, yielding n = 1.55, In non-circular cross sections, warping leads to an out-of-plane displacement even in small deformation [54] . Although warpings effect of kinematics was negligible, its effect on mechanics must be accounted. Typically, the effect of warping is addressed using a nondimensional pre-multiplier C w in the relationship between torque and twist rate leading to T = C w G B IΦ, where T is the RVE (local) torque, G B is the shear modulus of elasticity, and I is the moment of area of the beam cross section, respectively. C w can be found from literature for standard cross sections [55] . In addition, the embedding of rigid inclusions leads to an increase in stiffness even before engagement and is modeled using an inclusion correction factor C f , which would depend on the volume fraction, shape and size of the inclusion. This leads to a modified torque-twist relationship T = C f C w G B IΦ. Motivated by elasticity arguments, we postulate that C f = 1+C 0 (α)( balance for the unit length of the substrate can be described as:
where C f C w G B IΦ 2 , and the scales engagement
The torque-twisting rate relationship for the system could be found by differentiating Eq. 3 with respect to Φ and is written as:
This nonlinear expression is plotted in Fig. 5a for different η with θ 0 = 10 stiffening. The plot also highlights the inclusion effect in significantly increasing the torsional stiffness even before the engagement and underscores the accuracy of our model. We quantify the geometric tailorability of elastic energy of this system by using a magnification factor Ω = (U substrate + U scales )/U substrate , which is the ratio of maximum possible energy absorbed by a substrate (from initial to lock) to an equivalent plain substrate. This factor is plotted in a phase map spanned by η and β, Fig. 5b , and shows the rapid increase of energy brought about by η for any given β. However for a given η the increase is relatively mild but still monotonic positive (see Table SI in [53] ). This establishes the role of these parameters in both boosting stiffness and increasing energy, even though increasing η leads to lower envelope of operation.
The linearized torque-twist for small θ is:
where we recall that
. This linearized analytical expression sheds important light on the role of geometric parameters in enhancing the torsional stiffness of the substrate In conclusion, our work shows the geometrical tailorability of elastic response under twisting loads including stiffness, envelopes of operations and the overall energy landscape.
We find that stiffness increase brought about by scales is highly nonlinear, reversible, rapid and tailorable, distinct from simply coating or embedding with a stiffer material or making a composite. This system exhibits a very specific nonlinear behavior which includes a seamless straddling between linear elastic, nonlinear elastic and finally a quasi-rigid behavior which exhibited by neither the PLA nor the silicone material. Each one of these regimes can be tailored using a different geometrical arrangement. This study strengthens the arguments of using biomimetic scales for designing structural metamaterials in a wide range of applications beyond simple bending. The current analytical model is aimed primarily to obviate the need for detailed fully resolved FE simulations for some aspects of design and analysis. These FE simulations become prohibitive for larger number of scale contacts, larger twists or for future work on dynamics, which would require repeated FE simulations on the structure.
